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 Reading time − 5 minutes 

 Working time − 3 hours 

 Write using black or blue pen.  Black pen is 
preferred. 

 Board-approved calculators may be used 

 A table of standard integrals is provided on 
the back page of this paper 

 In questions 11 – 16, show all relevant 
reasoning and/or calculations 
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Section I 

10 marks 

Attempt Questions 1 – 10. 

Allow about 15 minutes for this section. 

Use the multiple-choice answer sheet for Questions 1 – 10. 

 

1. Evaluate ׬
ௗ௫

௫మିସ௫ାଵଷ
 

 
(A) ଵ

ଷ
ଵି݊ܽݐ	 ቀ௫	ି	ଶ

ଷ
ቁ + C                       

 
(B)  

ଶ

ଷ
ଵି݊ܽݐ	 ቀ௫	ି	ଶ

ଷ
ቁ + C 

 
(C) ଵ

ଷ
ଵି݊ܽݐ	 ቀଶ௫	ି	ସ

ଷ
ቁ + C                    

 
(D) ଶ

ଷ
ଵି݊ܽݐ	 ቀଶ௫	ି	ସ

ଷ
ቁ + C 

   

2. The foci of the hyperbola  ௬
మ

଼
െ ௫మ

ଵଶ
ൌ 1 are: 

 
(A) ൫േ2√5, 0ሻ൯ 

 
(B) ൫േ√30, 0ሻ൯ 

 
(C) ൫0,േ2√5ሻ൯ 

 
(D) ൫0,േ√30ሻ൯ 

   

3.  The gradient of the curve ݕݔ െ ଶݔ ൅ 3 ൌ 0 at the point when x = 1 is: 

 
(A) 4 

 
(B) 1                      

 
(C) 1 

 
(D) 4   
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4. The region bounded by the curves ݕ ൌ ݕ ଶ andݔ ൌ  ଷ in the first quadrant is rotatedݔ

about the yaxis. The volume of the solid of revolution formed can be found using:  

 
(A) 

ܸ ൌ නߨ	 ൬ݕ
ଵ
ଷ െ	ݕ

ଵ
ଶ൰

ଵ

଴
 ݕ݀

 
(B) 

		ܸ ൌ නߨ	 ൬ݕ
ଵ
ଶ െ	ݕ

ଵ
ଷ൰

ଵ

଴
 ݕ݀

 
(C) 

ܸ ൌ නߨ	 ൬ݕ
ଶ
ଷ െ ൰ݕ	

ଵ

଴
 ݕ݀	

 
(D) 

ܸ ൌ නߨ	 ሺݔସ െ	ݔ଺ሻ
ଵ

଴
 ݔ݀	

   

5. The five fifth roots of 1 ൅	√3݅ are: 

 
(A)   2

భ
ఱ	ܿ݅ݏ ቀଶ௞గ

ହ
	൅	 గ

ଵହ
ቁ , ݇ ൌ 0, 1, 2, 3, 4    

 
(B)  2ହ	ܿ݅ݏ	 ቀଶ௞గ

ହ
	൅	 గ

ଵହ
ቁ , ݇ ൌ 0, 1, 2, 3, 4   

 
(C) 

2
ଵ
ହ	ܿ݅ݏ	 ൬

ߨ2݇
5

	൅	
ߨ
30
൰ , ݇ ൌ 0, 1, 2, 3, 4 

 
(D) 

2ହ	ܿ݅ݏ	 ൬
ߨ2݇
5

	൅	
ߨ
30
൰ , ݇ ൌ 0, 1, 2, 3, 4 

   

6.  The locus of a complex number z is the line 4x   3y   12 = 0

What is the minimum value of z  ? 

 
(A) 

5

12
 

 
(B)  3 

 
(C) 4 

 
(D) 5 

 
  



 

4 
 

7. The diagram of ݕ ൌ ݂ሺݔሻ is drawn below. 

 

 

 

 

  

 

 

 

 

Which of the diagrams below best represents ݕ ൌ 	ඥ݂ሺݔሻ                                            

 (A)                                                                   (B) 

  

  

 

 

  

 

 (C)                                                                   (D)    
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8. An object of mass 5kg is tied to a piece of rope, 3 metres in length, which has a 
breaking strain of 240N.  

The rope is then swung in a horizontal circle.  

What is the angular velocity of the object at the moment the rope breaks?    

 
(A) 2              

 
(B) 4                      

 
(C) 8 

 
(D) 16 

   

9. What is the remainder when ܲሺݔሻ ൌ ଷݔ ൅ ଶݔ െ ݔ ൅ 1 is divided by  ሺݔ െ 1 െ ݅ሻ? 

 
(A) 3i  2 

 
(B)  3i – 2 

 
(C) 3i + 2              

 
(D) 2  3i 

 
  

10. Solve the inequality:  
௫ାଵ

௫ିଷ
	൑ ௫ାଷ

௫ିଶ
.  

 
(A) ݔ	 ൏ 2	and		ݔ	 ൐ 3                            

 
(B) ݔ	 ൏ 2		and		3	 ൏ 	ݔ ൑ 7  

 
(C) 2	 ൏ 	ݔ ൏ 3 

 
(D) 2	 ൏ ݔ ൏ 3	and		ݔ	 ൒ 7 

End of Section I 
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Section II 

90 marks 
Attempt Questions 11 – 16 
Allow about 2 hours and 45 minutes for this section. 
 
Answer each question in a SEPARATE writing booklet. Extra writing booklets are available. 
 
In Questions 11 – 16, your responses should include relevant mathematical reasoning and/or 
calculations.  

 

Question 11 (15 marks) Use a SEPARATE writing booklet.  
 

(a) Let ܣ ൌ 	3 ൅ 3√3݅ and  ܤ ൌ െ5 െ 12݅. Find the value of: 
 

(i) ܤത  
 

(ii) 
஺

஻
 

 

(iii) √ܤ 
 

(iv) The modulus and argument of A 
       

(v) ܣସ 

 
 
1 

 
2 

 
2 
 
2 
 
1 

 

(b) The roots of the polynomial equation 2ݔଷ െ ଶݔ3 ൅ ݔ4 െ 5 ൌ 0  are ,  and ߛ.  
Find the polynomial equation which has roots: 

 
 
 

 
(i) 

ଵ

ఈ
	 , ଵ
ఉ
		 and   ଵ

ఊ
	. 

 

 

2 

 (ii) 2ߙ,  2 .ߛ2	and 	ߚ2

 

(c) Find   . 3 

 End of Question 11  
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Question 12 (15 marks) Use a SEPARATE writing booklet. 
 

 

 
(a) 

Evaluate    . 

 
3 

(b)       (i)      Find the values of A, B, and C such that: 
 

ଶݔ4 െ ݔ3 െ 4
ଷݔ ൅	ݔଶ െ ݔ2

ൌ 	
ܣ
ݔ
൅	

ܤ
ݔ െ 1

൅	
ܥ

ݔ ൅ 2
 

 
 

      (ii)     Hence evaluate	׬ 	
ସ௫మିଷ௫ିସ

௫యା	௫మିଶ௫
		.dx 

 

2 
 
 
 
 
 
 
2 
 

(c) Solve the equation  ݔସ െ ଷݔ7 ൅	17ݔଶ െ ݔ െ 26 ൌ 0, given that ݔ ൌ ሺ3 െ 2݅ሻ is a 
root of the equation. 

3 

(d) (i)          Show that the equation of the tangent at the point ܲ ቀܿݐ, ௖
௧
ቁ on the 

rectangular hyperbola  ݕݔ ൌ ܿଶ is 2 2 0x t y ct    . 

2 

 (ii)         Find the coordinates of A and B where this tangent cuts the x and y 
axes respectively. 

2 

 (iii)        Prove that the area of the triangle OAB is a constant, where O is the 
origin. 

1 

 End of Question 12  
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Question 13 (15 marks) Use a SEPARATE writing booklet.  

(a) The graph of ݕ ൌ ݂ሺݔሻ is shown below. 
 
 

 
 
 
 

 

 Draw separate sketches for each of the following:   

 (i) ݕ ൌ 	 |݂ሺݔሻ| 1 

      (ii)        ݕ ൌ 	
ଵ

௙ሺ௫ሻ
 2 

     (iii)         ݕଶ ൌ ݂ሺݔሻ 2 

  (iv)         ݕ ൌ 	݁௙ሺ௫ሻ 2 

 

(b) Show that the equation of the normal to the ellipse 
௫మ

௔మ
൅

௬మ

௕మ
ൌ 1  at the point 

ܲሺݔଵ,			ݕଵሻ	is given by the equation:   
௔మ௫

௫భ
െ

௕మ௬

௬భ
ൌ ܽଶ െ ܾଶ. 

 

 

3 

Question 13 continues on the next page. 

   

1 

1   

 1.5, 5
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(c) A particle of unit mass is projected vertically upwards. The resistance to the 
motion is proportional to the square of the velocity. The velocity of projection 
is V . 

 

 (i) Show that the acceleration is given by:  ݔሷ ൌ െሺ݃ ൅  ଶሻ. 1ݒ݇

 

(ii) Show that the maximum height H reached is: 
 

ܪ ൌ
1
2݇

ln ቊ
ሺ݃ ൅ ܸ݇ଶሻ

ሺ݃ሻ
ቋ 

 

2 

 

(iii) Show that T, the time taken to reach H is: 
 

ܶ ൌ 	
1

ඥ݇݃
ଵି݊ܽݐ	 ቆ

√݇

ඥ݃
ቇܸ 

 
 

2 

 End of Question 13  
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Question 14 (15 marks) Use a SEPARATE writing booklet.  

 

 

(a) Show that:  
ୡ୭ୱ஺	ିୡ୭ୱሺ஺ାଶ஻ሻ

ଶ ୱ୧୬஻
ൌ sinሺܣ ൅  .ሻܤ

 

3 

(b) A mass of 5kg, on the end of a string 0·5 metre long, is rotating in a conical 
pendulum with angular velocity 2π radians per second. Use g = 10m / sଶ and 
let  be the angle that the string makes with the vertical. 
 

(i) Draw a diagram showing all the forces acting on the mass. 
      

 
 
 
 
1 

 

 (ii)       By resolving forces, find the tension in the string. 
 

2 

 (iii)       Find , correct to the nearest degree. 1 

 
 

(c) A sequence is defined such that 1 2 1 21, 1 and for 3.n n nu u u u u n     
   

Prove by induction that 
7

4

n

nu    
 

 for integers 1.n  

4 

(d) Use the method of cylindrical shells to find the volume of the solid generated by 
revolving the region enclosed by ݕ ൌ ଶݔ3 െ  .ଷ and the x axis around the y-axisݔ

4 

 End of Question 14  
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Question 15 (15 marks) Use a SEPARATE writing booklet.  

(a) (i) Derive the reduction formula: 
  

නݔ௡݁ି௫
మ
ݔ݀ ൌ 	െ

1
2
ଵ݁ି௫	ି	௡ݔ	

మ
൅	
݊	 െ 		1
2

	න ଶ݁ି௫	ି	௡ݔ
మ
 ݔ݀	

 
 

(ii)  Use this reduction formula to evaluate      

2 
 
 
 
 
 
 
 
2 
 

(b) 

 
 

 

 The diagram above shows a solid which has the circle ݔଶ ൅ ଶݕ ൌ 9 as its base. 

The cross-section perpendicular to the x axis is an equilateral triangle. 

 

 (i) Show that the area of a triangle is given by: 

 293 xArea   

2 

 (ii) Hence or otherwise find the volume of the solid. 2 

Question 15 continues on the next page.  
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(c) Given that ݔସ െ ଷݔ6 ൅ ଶݔ9 ൅ ݔ4 െ 12 ൌ 0, has a double root at ݔ ൌ  find the , ߙ
value of ߙ. 

3 

(d) If z represents the complex number ݔ ൅ ,ݕ݅ sketch the regions:  
 

 (i)   |ܽ݃ݎ |ݖ 	൏ 	 గ
ସ
 2 

 (ii)  ݉ܫ	ሺݖଶሻ ൌ 4 2 

 End of Question 15  
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Question 16 (15 marks) Use a SEPARATE writing booklet.  
 

(a) Consider the hyperbola with equation  
௫మ

௔మ
െ

௬మ

௕మ
ൌ 1  where a b  .  

 (i) Show that the equation of the tangent at the point ܲሺܽܿ݁ݏ	ߠ,  ሻ hasߠ	݊ܽݐܾ
the equation  ܾܿ݁ݏݔ	ߠ െ ݊ܽݐݕܽ ߠ ൌ ܾܽ. 

 
2 

 (ii) Find the equation of the normal at P.  
2 

 (iii) Find the coordinates of the points A and B where the tangent and normal 
respectively cut the y-axis. 

2 

 (iv) Show that AB is the diameter of the circle that passes through the foci of 
the hyperbola. 
 

3 

(b) Five letters are chosen from the letters of the word CHRISTMAS.  

These five letters are then placed alongside one another to form a five letter 

arrangement. 

Find the number of distinct five letter arrangements which are possible, considering 

all choices.  

 

2 

 Question 16 continues on the next page.  
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(c) In the diagram below, PA and PB are tangents to the circle.  The chord AQ is 
parallel to the tangent PB.  PCQ is a secant to the circle and chord AC produced 
meets PB at D. 

 

 

 

 i)   Show that CDP is similar to PDA . 2 

 ii)  Show that 2PD AD CD  and hence, or otherwise, prove that AD bisects 
PB. 

2 

 End of Examination.  
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2015 Extension 2 Trial solutions 
Multiple	Choice	Worked	Solutions

No Working Answer 
׬ 1

ௗ௫

௫మିସ௫ାଵଷ
ൌ ׬	

ௗ௫

௫మିସ௫ାସାଽ
  

׬ =                   
ௗ௫

ሺ௫ିଶሻమାଽ
  

                   ൌ	 ଵ
ଷ
ଵି݊ܽݐ	 ቀ௫	ି	ଶ

ଷ
ቁ + C 

 
A 

2 ௬మ

଼
െ	௫

మ

ଵଶ
ൌ 1  

ܽ ൌ 2√2, ܾ ൌ 2√3  
ܾଶ ൌ 	ܽଶ	ሺ݁ଶ െ 1ሻ  

൫2√3൯
ଶ
ൌ 	 ൫2√2൯

ଶ
ሺ݁ଶ െ 1ሻ  

12 ൌ 8ሺ݁ଶ െ 1ሻ  
ଵଶ

଼
ൌ ݁ଶ െ 1	  

݁ଶ ൌ 	 ଶ଴
଼
ൌ 	 ଵ଴

ସ
  

݁ ൌ 	 √ଵ଴
ଶ

  

Foci = ሺ0, േܽ݁ሻ ൌ 	ቆ0,േ2√2 ቀ√
ଵ଴

ଶ
ቁቇ ൌ ൫0,േ√20൯ ൌ ൫0,േ2√5൯ 

 
 
 
 
 
 

C 

ݕݔ 3 െ	ݔଶ ൅ 3 ൌ 0                  when x = 1, ݕ െ 1 ൅ 3 ൌ 0 

ݔ ௗ௬

ௗ௫
൅ ݕ െ ݔ2 ൌ ݕ                                     0 ൌ െ2 

ݔ ௗ௬

ௗ௫
ൌ ݔ2 െ   ݕ

ௗ௬

ௗ௫
ൌ 	 ଶ௫ି௬

௫
                              At (1,  2)    

ௗ௬

ௗ௫
ൌ ଶሺଵሻ ି ሺିଶሻ

ଵ
 = 2 + 2 = 4 

 
 

D 

4  
 

ݕ                                                                                ൌ ଷݔ	 	→ ݔ ൌ ݕ	
భ
య 

ݕ                                                                                ൌ ଶݔ	 	→ ݔ ൌ ݕ	
భ
మ 

 

                                                                           ܸ ൌ 	ߨ	 ׬ ൤ቀݕ
భ
యቁ
ଶ
െ	ቀݕ

భ
మቁ
ଶ
൨

ଵ
଴  ݕ݀

 

                                                                               ൌ 	ߨ	 ׬ ቀݕ
మ
య െ ቁݕ	 ݕ݀	

ଵ
଴  

 
 
 
 
 
 

 
 
 
 
 

C 

ହݖ 5 ൌ 1 ൅	√3݅  

                               R = ට1ଶ ൅	൫√3൯
ଶ
ൌ 2 

 Arg z: ି݊ܽݐଵ	൫√3൯ ൌ 	
గ

ଷ
  

∴ 	 ହݖ ൌ 	ݏ݅ܿ	2 గ
ଷ
   

ݖ ൌ 2
ଵ
ହ	ܿ݅ݏ	 ൬

ߨ2݇
5

	൅	
ߨ
15
൰ , ݇ ൌ 0, 1, 2, 3, 4 

 
 
 

 
 
 
 

A 



2 
 

 represents the length of the vector from |ݖ|								 6
        the origin to z.  
        Hence the minimum distance from the origin   
         to z is the perpendicular distance from (0, 0)             
         to 4x – 3y – 12 = 0 
 

         d = ฬ ଴	ା	଴	ି	ଵଶ

	ඥସమ	ା	ሺିଷሻ²
ฬ= ቚ	ଵଶ

ହ
	ቚ=  

ଵଶ

ହ
 

A 
 
 

7 Graph A A 
ܨ 8 ൌ   ଶ߱ݎ݉

240 ൌ 5	 ൈ 3	 ൈ ߱ଶ 
240 ൌ 15߱ଶ  
16 = ߱ଶ 
߱ ൌ 4  

 
 

B 

9 ܲሺݔሻ ൌ ଷݔ	 ൅	ݔଶ െ ݔ ൅ 1 is divided by ሺݔ െ 1 െ ݅ሻ 
Let x = 1 + i 
ଶݔ ൌ 	 ሺ1 ൅ ݅ሻଶ ൌ 1 ൅ 2݅ ൅	 ݅ଶ ൌ 2݅  
ଷݔ ൌ 2݅	ሺ1 ൅ ݅ሻ ൌ 2݅ ൅ 2݅ଶ ൌ 2݅ െ 2  
 
Remainder = ܲሺ1 ൅ ݅ሻ ൌ 2݅ െ 2 ൅ 2݅ െ ሺ1 ൅ ݅ሻ ൅ 1 
                                     ൌ 4݅ െ 1 െ 1 െ ݅ 
                                     ൌ 3݅ െ 2 

 
 
 
 

B 

ݔ 10 ൅ 1
ݔ െ 3

൑
ݔ ൅ 3
ݔ െ 2

 

	ݔ ്   2	ݎ݋	3
Then             ሺݔ ൅ 1ሻሺݔ െ 2ሻ ൌ 	 ሺݔ ൅ 3ሻሺݔ െ 3ሻ 
ଶݔ                    െ ݔ2 ൅ ݔ െ 2 ൌ ଶݔ െ 9 
ଶݔ                             െ ݔ െ 2 ൌ ଶݔ	 െ 9 
                                        െ	ݔ ൌ 	െ7 
ݔ                                             ൌ 7  
By inspection, 

2	 ൏ ݔ ൏ 3 ∩ ݔ ൒ 7 

 
 
 
 

D 



3 
 

		
1.	 A	 					B	 									C	 	 	D	

	 	2.	 A	 					B	 									C	 	 	D	

	 	3.	 A	 					B	 									C	 	 	D	

	 	4.	 A	 					B	 									C	 	 	D	

	 	5.	 A	 					B	 									C	 	 	D	

	 	6.	 A	 					B	 									C	 	 	D	

	 	7.	 A	 					B	 									C	 	 	D	

	 	8.	 A	 					B	 									C	 	 	D	

	 	9.	 A	 					B	 									C	 	 	D	

	 	10.	 A	 					B	 									C	 	 	D	
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Question 11 2015 
 Solution Marks Allocation of marks 

(a) ܣ ൌ 	3 ൅ 3√3݅ and  ܤ ൌ െ5 െ 	12݅. 
(i) ܤത ൌ 	െ5 െ 12ଓതതതതതതതതതതതത 

    ൌ	െ5 ൅ 12݅ 
 

(ii) 
஺

஻
ൌ 	

ଷାଷ√ଷ௜	

ିହି	ଵଶ௜
	 

                  
஺

஻
ൌ ଷାଷ√ଷ௜

ିହିଵଶ௜
ൈ ିହାଵଶ௜

ିହାଵଶ௜
 

ൌ
െ15 ൅ 36݅ െ 15√3݅ െ 36√3

25 െ 144݅ଶ
 

ൌ
൫െ15 െ 36√3൯ ൅ ൫36 െ 15√3൯݅

169
 

 
(iii) √ܤ ൌ	√െ5 െ 	12݅ 

ݔሺ	ݐ݁ܮ ൅ ሻଶݕ݅ ൌ 	െ5 െ 12݅  
∴ ଶݔ	 ൅ ݕݔ2݅ െ	ݕଶ ൌ 	െ5 െ 12݅  
 ∴ ଶݔ	 െ	ݕଶ ൌ 	െ5			 -- - - - - - - - - - - - - - -(1) 

ݕݔ2			݀݊ܽ ൌ െ12 
 
ሺݔଶ ൅ ଶሻଶݕ ൌ 	 ሺݔଶ െ	ݕଶሻଶ ൅   ݕݔ4݅
                    ൌ	 ሺെ5ሻଶ ൅	ሺെ12ሻଶ 
                    ൌ 169  
∴ ଶݔ	 ൅ ଶݕ ൌ 13  - - - - - - - - - - - - - - - - - - (2) 

(1) + (2) 
ଶݔ2      ൌ 8			 → 					 ଶݔ ൌ 4				 → ݔ				 ൌ 	േ2 

(2)  (1) 
ଶݕ2      ൌ 18		 → 			 ଶݕ ൌ 9				 → ݕ					 ൌ 	േ3	 

Since 2ݕݔ ൌ െ12 
ܤ√              ൌ	√െ5 െ 	12݅ ൌ 	േሺ2 െ 3݅ሻ  
 
 

(iv) Modulus (ݎሻ ൌ 	ටሺ3ሻଶ ൅	൫3√3൯
ଶ
ൌ 	√36 ൌ 6	 

Argument: ݊ܽݐ ߠ ൌ 	 ଷ√ଷ
ଷ
ൌ 	√3 ߠ				,	 ൌ 	

గ

ଷ
  

 
 

(v) ܣସ ൌ ቀ6	ܿ݅ݏ గ

ଷ
ቁ
ସ
 = 1296 cis 

ସగ

ଷ
=1296 cis 

ିଶగ

ଷ
 

 

 
 
1 
 
 
2 
 
 
 
 
 
 
 
2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2 
 
 
 
 
 
1 
 

 
 
Answer 
 
 
1 – correct product 
 
 
1 – correct answer 
 
 
 
 
1 – working 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 – Answer 
 
 
 
1 - modulus 
 
1 - argument 
 
 
 
Correct answer 
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Question 11 2015 
 Solution Marks Allocation of marks 

(b)       (i)        2ݔଷ െ ଶݔ3 ൅ ݔ4 െ 5 ൌ 0  

                  Let ܺ ൌ 	 ଵ
௫
,		 ∴ ݔ ൌ 	 ଵ

௑
 

Therefore equation is 2 ቀଵ
௑
ቁ
ଷ
െ 3 ቀଵ

௑
ቁ
ଶ
൅ 4 ቀଵ

௑
ቁ െ 5 ൌ 0  

                        i.e.
ଶ

௑య
െ	 ଷ

௑మ
൅	 ସ

௑
െ 5 ൌ 0 

Multiply byܺଷ 
2 െ 3ܺ ൅ 4ܺଶ െ 5ܺଷ ൌ 0 

ie 
ଷݔ5 െ ଶݔ4 ൅ ݔ3 െ 2 ൌ 0 

 
 
(ii) )        2ݔଷ െ ଶݔ3 ൅ ݔ4 െ 5 ൌ 0  

               Let X = 2x      x = 
௑

ଶ
 

Therefore equation is 

2 ൬	
ܺ
2
൰
ଷ

െ 3 ൬	
ܺ
2
൰
ଶ

൅ 4 ൬	
ܺ
2
൰ െ 5 ൌ 0 

2ቆ
ܺଷ

8
ቇ െ 3ቆ

ܺଶ

4
ቇ ൅	

4ܺ
2
െ 5 ൌ 0 

ܺଷ

4
െ	
3ܺଶ

4
൅ 	2ܺ െ 5 ൌ 0 

ܺଷ െ 3ܺଶ ൅ 8ܺ െ 20 ൌ 0 
 
i.e.        		ݔଷ െ ଶݔ3 ൅ ݔ8 െ 20 ൌ 0 
 

 
 
2 
 
 
 
 
 
 
 
 
 
 
2 

 
 
 
1 – correct substitution 
 
 
 
 
1 – correct equation 
 
 
 
 
 
 
 
1 – correct substitution 
 
 
 
 
 
 
 
1 – correct equation 
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Question 11 2015 
 Solution Marks Allocation of marks 

(c) 
න

ݔ݀

√9	 ൅ 	ݔ16	 െ ଶݔ4
 

9 + 16x  4ݔଶ = 9 െ 4ሺݔଶ െ  ሻݔ4

                       ൌ 9 െ 4ሺݔଶ െ ݔ4 ൅ 4ሻ ൅ 16 

                       ൌ 25 െ 4ሺݔ െ 2ሻଶ 

׬
ௗ௫

√ଽ	ା	ଵ଺௫	ି	ସ௫మ
ൌ ׬	

ௗ௫

ඥଶହିସሺ௫ିଶሻమ
  

                        ൌ	
ଵ

ହ
׬	

ௗ௫

ටଵି	
ర
మఱ
	ሺ௫	ି	ଶሻమ

 

ݑ                                                          ൌ 	
ଶሺ௫	ି	ଶሻ

ହ
൅ ܿ 

ݑ݀                                                        ൌ 	
ଶ

ହ
 ݔ݀

ݔ݀                                                        ൌ 	
ହ

ଶ
  ݑ݀	

                        ൌ	
ଵ

ହ
׬	

ఱ
మ
	ௗ௨

√ଵି	௨మ
 

                        ൌ	
ଵ

ଶ
׬	

ௗ௨

√ଵ	ି	௨మ
 

                        ൌ	
ଵ

ଶ
        ݑଵି݊݅ݏ	

                        ൌ	
ଵ

ଶ
ଵି݊݅ݏ	 ቀ

ଶሺ௫	ି	ଶሻ

ହ
ቁ      

 

 
 
 
3 

 
 
 
 
 
 
 
 
 
1 – correct manipulation 
 
 
 
 
 
 
 
 
 
 
 
1 – correct substitution 
 
 
 
 
 
 
 
 
1 – correct answer 

 
 
Question 12 2015 
 Solution Marks Allocation of marks 
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Question 12 2015 
 Solution Marks Allocation of marks 

(a) 

 

 
2

2

0

3 sinx x dx



   

 2 2

0

3
cos

2
3

cos cos 0
2 4

3 1

2 2 1

x




    

     
     

  

 
3 

 
 
 
 
 
USING A SUBSTITUTION 
 
 
 
1 – changing limits and 
variable 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 – integral including 
correct limits 
 
 
 
 
 
 
1 – substitution and 
simplification to get answer 
 
 
 
 
 
WITHOUT A 
SUBSTITUTION 
 
 
1 Correct integration 
 
1 correct working 
 
Correct answer 
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Question 12 2015 
 Solution Marks Allocation of marks 

(b) (i) 
ସ௫మିଷ௫ିସ

௫యା	௫మିଶ௫
ൌ 	 ஺

௫
൅	 ஻

௫ିଵ
൅	 ஼

௫ାଶ
 

 
∴ ଶݔ4	 െ ݔ3 െ 4 ൌ ݔሺܣ െ 1ሻሺݔ ൅ 2ሻ ൅ ݔሺ	ݔ	ܤ ൅ 2ሻ ൅ ݔሺ	ݔ	ܥ െ 1ሻ 

                       
When ݔ ൌ 0,						 െ 4 ൌ െ2ܣ														 ∴ ܣ ൌ 2 
ݔ            ൌ 	െ2,				18 ൌ 																	ܥ6 ∴ ܥ ൌ 3 
ݔ            ൌ 1,						 െ 3 ൌ 															ܤ3	 ∴ ܤ ൌ െ1	

	∴ 	 ସ௫
మିଷ௫ିସ

௫యା	௫మିଶ௫
ൌ 	 ଶ

௫
െ	 ଵ

௫ିଵ
൅	 ଷ

௫ାଶ
		

												

ሺiiሻ	׬
ସ௫మିଷ௫ିସ

௫యା	௫మିଶ௫
ൌ ׬	 ቀ

ଶ

௫
െ	 ଵ

௫ିଵ
൅	 ଷ

௫ାଶ
	ቁ 	ݔ݀	

	
																													ൌ 2݈݊ ݔ െ ݈݊ሺݔ െ 1ሻ ൅ 3 ݈݊ሺݔ ൅ 2ሻ ൅ ܿ

 
 

2 

 
 
 
1 - Working 
 
 
 
1 – correct values 
 
 
1 – correct integral 
 
1 – correct answer 

(c) ݔସ െ ଷݔ7 ൅	17ݔଶ െ ݔ െ 26 ൌ 0 
ሺ3 െ 2݅ሻ is a factor 
∴ 	 ሺ3 ൅ 2݅ሻ is also a factor since coefficients are real 
∴ ଶݔ	 െ ݔ6 ൅ 13 is a factor. 
By division, 

ସݔ െ ଷݔ7 ൅	17ݔଶ െ ݔ െ 26 ൌ ሺݔଶ െ ݔ6 ൅ 13	ሻሺݔଶ െ 	ݔ െ 2ሻ 
                                                     ൌ	 ሺݔଶ െ ݔ6 ൅ 13	ሻሺݔ െ 2ሻሺݔ ൅ 	1ሻ  
 
Therefore solution to ݔସ െ ଷݔ7 ൅	17ݔଶ െ ݔ െ 26 ൌ 0 is: 
 

ݔ ൌ 3 േ 2݅, െ1	ܽ݊݀	2 
 
OR USE SUMS AND PRODUCTS OF ROOTS 

3 2 ,  =3 2 , =?, =?

6 1

i i   
    
  

     
  

2

13 26 2

2

2
so 1

2 0

2, 1

 roots are 3 2 ,3 2 , 2, 1i i

  







 


     

 

 

  
 

   



  

 

 
3 

 
1 – using conjugate theorem 
 
Method 1 
1 – division 
 
 
1 – answer 
 
 
 
Method 2 
 
1 correct use of sums and 
products 
 
 
 
 
 
 
 
 
 
1 answer 
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Question 12 2015 
 Solution Marks Allocation of marks 

(d) (i)     ݕݔ ൌ 	 ܿଶ                         ܲ	 ቀܿݐ, ௖
௧
ቁ 

By implicit differentiation 

ݕ         ൅ ݔ ௗ௬

ௗ௫
ൌ 0  

         
ௗ௬

ௗ௫
ൌ 	െ	௬

௫
  

At ܲ	 ቀܿݐ, ௖
௧
ቁ 

         
ௗ௬

ௗ௫
ൌ 	െ ௖

௧
	ൊ  ݐܿ

              ൌ	െ ଵ

௧మ
 

ݕ െ	ݕଵ ൌ ݉ሺݔ െ	ݔଵሻ	  
ݕ െ	௖

௧
ൌ 	െ ଵ

௧మ
	ሺݔ െ   ሻݐܿ

ݕଶݐ െ ݐܿ ൌ 	െݔ ൅   	ݐܿ
ݔ ൅	ݐଶݕ െ ݐ2ܿ ൌ 0  
 

2  
 
 
 
 
 
 
 
 
 
1 – gradient of tangent 
 
 
1 – equation of tangent 

 (ii)  When y = 0,  ݔ ൅ 0 െ ݐ2ܿ ൌ 0 
ݔ                              ൌ  ݐ2ܿ
                              ∴ ,ݐሺ2ܿܣ 0ሻ 
        When x ൌ 0, 0 ൅	ݐଶݕ െ ݐ2ܿ ൌ 0	 
ݕ                               ൌ 	 ଶ௖௧

௧మ
ൌ 	 ଶ௖

௧
 

∴ ܤ ൬0,
2ܿ
ݐ
	൰ 

 

 
 
2 

 
 
One mark for each 
coordinate 

 (iii)     Now ܱܣ ൌ  ݐ2ܿ	
ܤܱ                     ൌ 	 ଶ௖

௧
 

Area Triangle OAB  = 
ଵ

ଶ
	ሺ2ܿݐሻ ቀଶ௖

௧
	ቁ 

                                  = 2ܿଶ  which is a constant as c is a 
constant. 
 

 
 
1 

 
 
 
Correct area 
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Question 13 2014 
 Solution Marks Allocation of marks 

(a) (i) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1  
 
1 –  correct graph all coords 
shown 
 
 

 (ii) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2  
 
1 – vertical asymptotes 
 
1 – correct graph all coords 
shown 

 (iii) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2  
 
1 –correct shape one side of 
axes 
 
1 - correct graph both sides 
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Question 13 2014 
 Solution Marks Allocation of marks 

 (iv) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2  
 
1 – correct behaviour 
x    
 
1 - correct graph all coords 
shown 

(b) ݔଶ

ܽଶ
൅	
ଶݕ

ܾଶ
ൌ 1 

ݔ2
ܽଶ

൅	
ݕ2
ܾଶ
	
ݕ݀
ݔ݀

ൌ 0 

ݕ݀
ݔ݀

ൌ 	
െ2ܾଶݔ
2ܽଶݕ

 

At ܲሺݔଵ,			ݕଵሻ    
ௗ௬

ௗ௫
ൌ 	

ି௕మ௫భ
௔మ௬భ

 

Normal ݉ ൌ	
௔మ௬భ
௕మ௫భ

 

 
ݕ െ	ݕଵ ൌ ݉ሺݔ െ	ݔଵሻ 

                                  	

ݕ െ	ݕଵ ൌ
ܽଶݕଵ
ܾଶݔଵ

ሺݔ െ	ݔଵሻ 

 
ܾଶݔଵݕ െ	ܾଶݔଵݕଵ ൌ 	ܽଶݕଵݔ െ	ܽଶݕଵݔଵ 
ܽଶݕଵݔ െ	ܾଶݔଵݕ ൌ 	ܽଶݕଵݔଵ െ	ܾଶݔଵݕଵ		 

ሺൊ	ݔଵݕଵሻ  

∴ 	
ݔ2ܽ
1ݔ

െ	
ݕ2ܾ
1ݕ

ൌ	ܽ2 െ ܾ2 

 

3  
 
 
 
 
 
 
1 – gradient of normal 
 
 
 
 
1 use of equation 
 
 
 
 
 
1 – completion of proof 

(c) (i) 
ሷݔ݉ ൌ 	െ݉݃ െ݉݇ݒଶ 
ሷݔ ൌ 	െ݃ െ  ଶݒ݇	

 
ሷݔ ൌ 	െ	ሺ݃ ൅  ଶሻݒ݇

 
 
 

1  
 
 
Correct answer 
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Question 13 2014 
 Solution Marks Allocation of marks 

 (ii)      ݒ ௗ௩

ௗ௫
ൌ 	െሺ݃ ൅  ଶሻݒ݇

ௗ௩

ௗ௫
ൌ 	

ି൫௚ା௞௩మ൯

௩
  

ݔ݀
ݒ݀

ൌ 	െ
ݒ

ሺ݃ ൅ ଶሻݒ݇
 

ݔ ൌ 	නെ
ݒ

ሺ݃ ൅ ଶሻݒ݇
 ݒ݀	

ݔ ൌ 	െ
1
2݇

න
ݒ2݇

ሺ݃ ൅ ଶሻݒ݇
 ݒ݀	

ݔ ൌ 	െ
1
2݇

lnሺ݃ ൅  ଶሻݒ݇

ݔ	ݐܽ ൌ 0, ݒ ൌ ܸ	  
 

0 ൌ 	െ
1
2݇

lnሺ݃ ൅ ܸ݇ଶሻ ൅  ܥ

∴ ܥ ൌ 	
1
2݇

lnሺ݃ ൅ ܸ݇ଶሻ 

 

ݔ ൌ 	െ
1
2݇

lnሺ݃ ൅ ଶሻݒ݇ ൅
1
2݇

lnሺ݃ ൅ ܸ݇ଶሻ	 

 

ݔ ൌ
1
2݇

ln ቊ
ሺ݃ ൅ ܸ݇ଶሻ
ሺ݃ ൅ ଶሻݒ݇

ቋ 

 
Maximum height is obtained when v = 0. 

ܪ ൌ
1
2݇

ln ቊ
ሺ݃ ൅ ܸ݇ଶሻ

݃
ቋ 

(iii) 
ݒ݀
ݐ݀

ൌ 	െ	ሺ݃ ൅  ଶሻݒ݇

ݐ݀
ݒ݀

ൌ 	
െ1

ሺ݃ ൅ ଶሻݒ݇
 

ݐ ൌ 	න
െ1

ሺ݃ ൅ ଶሻݒ݇
 ݒ݀	

 

ൌ	െ
1
݇
	න

1
݃
݇ ൅	ݒ

ଶ
 ݒ݀	

	ݐ ൌ 	െ
1
݇
	ൈ	

1

ට݃݇

ଵି݊ܽݐ	

ۉ

ۇ ݒ

ට݃݇ی

 ଵܥ	൅ۊ

 	ܣ

	ݐ ൌ 	െ
1
݇
	ൈ	

√݇

ඥ݃
ଵି݊ܽݐ	 ቆ

ݒ݇√

ඥ݃
ቇ ൅	ܥଵ 

ܣ ൌ 	െ
1
݇
	ൈ	

√݇

ඥ݃
ଵି݊ܽݐ	 ቆ

ݒ݇√
݃
ቇ ൅	ܥଵ 

 
 
 

4  
 
 
 
 
 
 
 
 
 
1 – Evaluating integral 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 expression for H 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 evaluating integral 
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Question 13 2014 
 Solution Marks Allocation of marks 

ݐ	ݐܣ																								  ൌ 0, ݒ ൌ ܸ 
 

0	 ൌ 	െ	
1

ඥ݇݃
ଵି݊ܽݐ	 ቆ

√݇

ඥ݃
ቇܸ ൅	ܥଵ 

ଵܥ ൌ 	
1

ඥ݇݃
ଵି݊ܽݐ	 ቆ

√݇

ඥ݃
ቇܸ 

ݐ ൌ 	െ	
1

ඥ݇݃
ଵି݊ܽݐ	 ቆ

√݇

ඥ݃
ቇݒ ൅	

1

ඥ݇݃
ଵି݊ܽݐ	 ቆ

√݇

ඥ݃
ቇ 	ܸ 

Maximum height reached when v = 0, 
i.e.  	

ܶ ൌ
1

ඥ݇݃
ଵି݊ܽݐ	 ቆ

√݇

ඥ݃
ቇܸ 

 

  
 
 
 
 
 
 
 
 
 
 
 
1 expression for T 
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Question 14 2014 
 Solution Marks Allocation of marks 

(a) ܿݏ݋ 	ܣ െ ܣሺݏ݋ܿ ൅ ሻܤ2
2 ݊݅ݏ ܤ

ൌ ܣሺ݊݅ݏ ൅  ሻܤ

LHS = 
௖௢௦ ஺	ି௖௢௦ሺ஺ାଶ஻ሻ

ଶ ௦௜௡஻
 

        ൌ	 ௖௢௦஺	ି	ሺ௖௢௦ ஺ ௖௢௦ ଶ஻	ି	௦௜௡஺ ௦௜௡ ଶ஻ሻ		
ଶ ௦௜௡஻

 

        ൌ	 ௖௢௦஺	ି௖௢௦ ஺	ሺଵିଶ௦௜௡
మ஻ሻ	ା	ଶ௦௜௡		஺௦௜௡		஻	௖௢௦		஻		

ଶ ௦௜௡஻
 

        ൌ	 ௖௢௦	஺ି௖௢௦஺	ାଶ௦௜௡
మ஻௖௢௦	஺	ା	ଶ௦௜௡		஺௦௜௡		஻	௖௢௦		஻

ଶ ௦௜௡஻
 

        ൌ	 ଶ௦௜௡
మ஻௖௢௦	஺	ା	ଶ௦௜௡		஺௦௜௡		஻	௖௢௦		஻

ଶ ௦௜௡஻
 

        ൌ	 ଶ ௦௜௡஻
ሺ௦௜௡஻௖௢௦	஺	ା௦௜௡஺ ௖௢௦஻	ሻ

ଶ ௦௜௡஻
  

         ൌ	݊݅ݏ 	ܣ	ݏ݋ܿܤ ൅ ݊݅ݏ ܣ ݏ݋ܿ  	ܤ
         ൌ	݊݅ݏ ܣ ݏ݋ܿ ܤ ൅ ܤ	݊݅ݏ  ܣ	ݏ݋ܿ
         ൌ	݊݅ݏሺܣ ൅  ሻܤ
          = RHS  

∴
ݏ݋ܿ 	ܣ െ ܣሺݏ݋ܿ ൅ ሻܤ2

2 ݊݅ݏ ܤ
ൌ ܣሺ݊݅ݏ ൅  ሻܤ

 

3  
 
1 -Using cosine double 
angle 
 
 
 
 
1 – working 
 
 
 
 
 
1 – completion of proof 

(b) (i) 
                                                             

                                                              
 
 
 
 
 
 

1 diagram 

 (ii) ܶ݊݅ݏ	ߠ ൌ 5	 ൈ ሺ2ߨሻଶ ൈ 0 ∙ 5 ݊݅ݏ  ߠ
                  ܶ ൌ 5	 ൈ ଶߨ4 ൈ 0 ∙ 5 
                  = 98.696 
                  = 99N (nearest newton) OR 10π2N 

2 1 – substitution 
 
1 - answer 

 (iv) ܶܿݏ݋	ߠ ൌ ݉݃ 
             = (5) (10) 
             = 50 

cos ߠ ൌ ହ଴

்
  

          = 
ହ଴

ଽ଼.଺ଽ଺
 

ߠ ൌ 59.562 
                                   = 60 (nearest degree) 

1  
Correct working to answer 
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Question 14 2014 
 Solution Marks Allocation of marks 

(c) 

 

1

1

2

2

1

1

1

Step1 Prove true for 1 and 2

7
1

4

true for 1

7
1

4

true for 2

Step 2 Let and 1 be values for which the statement is true

7 7
and

4 4

Step3 Prove true for 1

7
 u

4

k k

k k

k

n n

u

n

u

n

n k n k

ie u u

n k

ie







 

    
 

 

    
 

 

  

       
   

 

   
 

1

1 1

1

1

1

1

1

1

2

1

1

1

7 7
from Step 2

4 4

7 7
1

4 4

7 11

4 4

11 7
 1<  so the value of the RHS has increased

4 4

7 49

4 16

7

4

k

k k k

k k

k

k

k

k

k

k

k

k

k

u u u

u

u

u

now

u

u



 



















 

        
   

       
   

       
   

   
 

        
   

   
 

1 2

1

1

7

4

7
as required

4

true by mathematical induction

k

ku







 
 
 

   
 



 

4  
 
 
 
 
 
1 – n = k, n=k-1 or similar 
having tested for n = 1 and 

2n   
 
1 n=k+1 or similar 
(following on logically from 
Step 2) 
 
 
1 – using assumption in 
Step 2 
 
 
 
1 – proving true for  
          n = k + 1 including 
justifying truth of inequality 
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Question 14 2014 
 Solution Marks Allocation of marks 

(d)  

 
 

 
  xxV

xx

xxyV

x










3

0

32

32

3xx2

3xx2     

2

lim 





 

 
 

Volume = ׬ ݔ݀	ݕݔߨ2
௕
௔  

׬ =               ଶݔሺ3ݔߨ2 െ ݔ݀	ଷሻݔ
ଷ
଴  

              ൌ 	ߨ2 ׬ ሺ3ݔଷ െ	ݔସሻ
ଷ
଴  ݔ݀	

              ൌ ߨ2 ቂଷ௫
ర

ସ
െ	௫

ఱ

ହ
ቃ
଴

ଷ
 

              ൌ	 ଶସଷగ
ଵ଴

 ݏݐ݅݊ݑ	ܾܿ݅ݑܿ	

 
 
 
 

4  
 
 
 
 
 
 
 
 
 
 
 
 
2 – establishing integral 
 
 
 
 
1 – integrating 
 
 
 
 
1 - answer 
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Question 15 2014 
 Solution Marks Allocation of marks 

(a) නݔ௡݁ି௫
మ
 ݔ݀

(i) 
 
Let ݑ ൌ ᇱݒ                      ଵ	ି	௡ݔ	 ൌ ௫ି݁ݔ

మ
 

ᇱݑ       ൌ 	 ሺ݊ െ 1ሻݔ௡	ି	ଶ          ݒ ൌ 	െ ଵ

ଶ
	݁ି௫

మ
 

 

׬ ௡݁ି௫ݔ
మ
ݔ݀ ൌ ݒݑ െ	׬   ′ݑݒ

 

                     ൌ	െ ଵ

ଶ
	 ଵ݁ି௫	ି	௡ݔ	

మ
൅	௡	ି	ଵ

ଶ
׬	 ଶ݁ି௫	ି	௡ݔ

మ
 		ݔ݀

 
(ii) 
 

׬ ହ݁ି௫ݔ
మ
ݔ݀	

ଵ
଴ ൌ 	 ቂെ ଵ

ଶ
ସ݁ି௫ݔ	

మ
ቃ
଴

ଵ
൅	ସ

ଶ
׬	 ଷ݁ି௫ݔ

మ
ݔ݀

ଵ
଴   

 

                       ൌ	ିଵ
ଶ௘
൅ ׬2 ଷ݁ି௫ݔ

మ
ݔ݀

ଵ
଴  

 

                       ൌ	ିଵ
ଶ௘
൅ 2 ൜ቂെ ଵ

ଶ
ଶ݁ି௫ݔ	

మ
ቃ
଴

ଵ
൅ ׬1 ௫ି݁ݔ

మ
ݔ݀	

ଵ
଴ ൠ 

 

        ൌ	ିଵ
ଶ௘
െ 2 ቀ ଵ

ଶ௘
ቁ ൅ 2 ቂെ ଵ

ଶ
	 ଴݁ି௫ݔ	

మ
ቃ
଴

ଵ
൅	ଵି	ଵ

ଶ
׬	 ଶ݁ି௫	ି	ଵݔ

మ
 	ݔ݀

                        ൌ	ିଵ
ଶ௘
െ	ଵ

௘
൅	 ൣെ݁ି௫

మ
൧
଴

ଵ
 

 

                       ൌ	ିଵ
ଶ௘
െ	ଵ

௘
െ	ଵ

௘
	൅ 1 

                       ൌ	ିଵ
ଶ௘
െ	 ଶ

ଶ௘
െ	 ଶ

ଶ௘
	൅ 1 

 
 

                       ൌ 1 െ	 ହ
ଶ௘

 

 

 
 
 
2 
 
 
 
 
 
 
 
 
 
 

2 

 
 
 
 
 
 
 
 
 
2 – integration by parts to 
derive reduction formula 
 
 
 
 
1 – first use of reduction 
formula 
 
 
 
 
 
 
 
 
 
 
 
 
1 – simplifying to an answer 
 

(b)  
 
 
 
 
 
 
 
(i) 

922  yx                              60
h

sin
l

        

29 xy                              60h l sin  

 

292 xl                         lh
2

3
  

 

 
 
 
 
 
 
 
 
 
 
 
2 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
1 – expression for h 
 
 
 
 
 

AB

ll

l

h
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Question 15 2014 
 Solution Marks Allocation of marks 

                    293 xh   

 
 

bhxA
2

1
)(                                                   

          =   22 9392
2

1
xx   

          =  293 x  
(ii) 

ܸ ൌ ׬	 √3	ሺ9 െ	ݔଶሻ	݀ݔ
ଷ
ିଷ   

 
 

    ൌ	√3	ቂ9ݔ െ	
௫య

ଷ
ቃ
ିଷ

ଷ
  

 
    ൌ	√3ሾሺ27 െ 9ሻ െ	ሺെ27 ൅ 9ሻሿ 
    ൌ	√3ሾ18 ൅ 18ሿ 
    ൌ 36√3 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
1 – expression for Area 
 
 
 
 
 
 
 
1 - integral 
 
 
 
 
 
 
 
1 - Answer 
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(c) Let ݂ሺݔሻ ൌ ସݔ	 െ ଷݔ6 ൅ ଶݔ9 ൅ ݔ4 െ 12 
     ݂ᇱሺݔሻ ൌ ଷݔ4 െ ଶݔ18 ൅ ݔ18 ൅ 4 
Double root when ݂ᇱሺݔሻ ൌ 	݂ሺݔሻ ൌ 0 
Test ݔ	 ൌ 	േ1	and ݔ ൌ േ	2 (factors of 4) 
 When x = 2, 
   ݂ᇱሺ2ሻ ൌ 4ሺ2ଷሻ െ 18ሺ2ଶሻ ൅ 18ሺ2ሻ ൅ 4 
															ൌ 		32 െ 72 ൅ 36 ൅ 4 ൌ 72 െ 72 ൌ 0	 
   ݂ሺ2ሻ ൌ ሺ2ସሻ െ 6ሺ2ଷሻ ൅ 9ሺ2ଶሻ ൅ 4ሺ2ሻ െ 12 
															ൌ 		16 െ 48 ൅ 36 ൅ 8 െ 12 ൌ 60 െ 60 ൌ 0  
 ∴ ݂ᇱሺ2ሻ ൌ 	݂ሺ2ሻ ൌ 0 
∴ ሺݔ െ 2ሻ	is a repeated factor. 
∴ ߙ	 ൌ 2	 is a double root. 
 
 

3  
1 – using double root 
theorem  and finding the 
derivative 
 
 
1 – testing for roots of ݂ᇱሺݔሻ 
 
 
1 – testing in ݂ሺݔሻ and 
stating the value of ߙ 
 

(d) (i)     

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2  
 
 
 
 
 
 
 
 
 
 
1 – Graph 
 
 
 
 
 
 
1 – showing main features 
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 (ii)  
 

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2  
 
 
 
 
 
 
1 – determining equation 
 
 
 
 
 
 
 
 
 
 
 
1 – Graph 
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Question 16 2014 
 Solution Marks Allocation of marks 

(a) (i) ݔ ൌ 															ߠ	ܿ݁ݏܽ	 ݕ			 ൌ  ߠ	݊ܽݐܾ

    
ௗ௫

ௗఏ
ൌ ܿ݁ݏܽ ߠ ݊ܽݐ           ߠ

ௗ௬

ௗఏ
ൌ  ߠଶܿ݁ݏ	ܾ

         
ௗ௬

ௗ௫
ൌ 	 ௗ௬

ௗఏ
	ൊ	 ௗ௫

ௗఏ
 

              ൌ	 ௕	௦௘௖మఏ

௔௦௘௖ ఏ ௧௔௡ఏ
 

 

              ൌ	 ௕ ௦௘௖ ఏ
௔ ௧௔௡ఏ

 

ݕ െ	ݕଵ ൌ ݉ሺݔ െ	ݔଵሻ  
ݕ െ ߠ	݊ܽݐܾ ൌ 	 ௕ ௦௘௖ ఏ

௔ ௧௔௡ఏ
ሺݔ െ   	ሻ	ߠ	ܿ݁ݏܽ

	ߠ	݊ܽݐݕܽ െ ߠଶ݊ܽݐܾܽ	 ൌ ߠ	ܿ݁ݏݔܾ െ   ߠଶܿ݁ݏܾܽ
െ	ܽ݊ܽݐݕ	ߠ ൅ ߠ	ܿ݁ݏݔܾ ൌ ܾܽሺܿ݁ݏଶߠ	 െ	݊ܽݐଶߠሻ  
 
Since ܿ݁ݏଶߠ	 െ	݊ܽݐଶߠ ൌ 1 
 

ܿ݁ݏݔܾ ߠ െ ߠ	݊ܽݐݕܽ ൌ ܾܽ

2  
 
 
 
 
 
1 – deriving gradient of 
tangent 
 
 
 
 
 
1 – using equation to 
complete proof  

 (ii) from (i) m(tangent) = 
௕ ௦௘௖ ఏ

௔ ௧௔௡ఏ
 

 

     ∴ ݉	ሺ݈݊ܽ݉ݎ݋ሻ ൌ 	െ	௔௧௔௡	ఏ
௕௦௘௖	ఏ

	 
 

ݕ െ	ݕଵ ൌ ݉ሺݔ െ	ݔଵሻ 
ݕ െ ߠ	݊ܽݐܾ	 ൌ െ	௔௧௔௡	ఏ

௕௦௘௖	ఏ
	ሺݔ െ   	ሻߠ	ܿ݁ݏܽ

ߠ	ܿ݁ݏݕܾ െ	ܾଶ݊ܽݐ	ܿ݁ݏߠ	ߠ ൌ 	െܽ݊ܽݐݔ	ߠ ൅	ܽଶ݊ܽݐ	ܿ݁ݏߠ	ߠ  
 
By dividing by ݊ܽݐ	ܿ݁ݏߠ	ߠ 
 

ݔܽ
ߠ	ܿ݁ݏ

൅	
ݕܾ
ߠ	݊ܽݐ

ൌ 	ܽଶ ൅ ܾଶ 

 

2  
 
 
1 – deriving gradient of 
normal 
 
 
 
 
 
 
1 – equation of normal 
 

 (iii)  Tangent: 	
ܿ݁ݏݔܾ ߠ െ ߠ	݊ܽݐݕܽ ൌ ܾܽ 

 

When x = 0      ݕ ൌ 	 ି௕	

௧௔௡	ఏ
        ∴ ܣ ቀ0, ି௕	

௧௔௡	ఏ
ቁ 

 
         Normal:      	

ݔܽ
ߠ	ܿ݁ݏ

൅	
ݕܾ
ߠ	݊ܽݐ

ൌ 	ܽଶ ൅	ܾଶ 

 

When x = 0      ݕ ൌ 	
൫௔మା	௕మ൯	௧௔௡	ఏ

௕
  ∴ ܤ ቀ0,

൫௔మା	௕మ൯	௧௔௡	ఏ

௕
ቁ 

 

2  
 
 
 
1 for A 
 
 
 
 
 
1 for B 
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Question 16 2014 
 Solution Marks Allocation of marks 

 (v) Focus of hyperbola  = ܵ	ሺܽ݁, 0ሻ 
       If AB is diameter of circle then angle ASB must be right 
angled. 

݉ሺܵܣሻ ൌ 	
଴ି	 ష್	

೟ೌ೙	ഇ

௔௘ି଴
  

             ൌ	 ௕	

௧௔௡	ఏ
	ൊ ܽ݁ 

             ൌ ௕

௔௘௧௔௡	ఏ
	  

 

݉ሺܵܤሻ ൌ 	
଴ି	

൫ೌమశ	್మ൯	೟ೌ೙	ഇ
್

	

௔௘ି଴
	  

             ൌ	െ	
൫௔మା	௕మ൯	௧௔௡	ఏ

௕
	ൊ ܽ݁ ൌ 	െ	

൫௔మା	௕మ൯	௧௔௡	ఏ

௔௕௘
 

 

݉ሺܵܣሻ 	ൈ 	݉ሺܵܤሻ ൌ 	 ௕

௔௘௧௔௡	ఏ
	ൈ 	െ	

൫௔మା	௕మ൯	௧௔௡	ఏ

௔௕௘
  

                              ൌ	
ି൫௔మା	௕మ൯

௔మ௘మ
	 

 

Now ݁ଶ െ 1 ൌ 	 ௕
మ

௔మ
 

         	݁ଶ ൌ 	 ௕
మ

௔మ
൅ 1 

               ൌ	 ௕
మା	௔మ

௔మ
 

 

∴ ݉ሺܵܣሻ 	ൈ 	݉ሺܵܤሻ ൌ 	
ି൫௔మା	௕మ൯

௔మ
	ൊ ௕మା	௔మ

௔మ
	  

                                  ൌ	
ି൫௔మା	௕మ൯

௔మ
	ൈ 	௔మ

௕మା	௔మ
	  

                                  ൌ	െ1 
 
Therefore AB is diameter of circle passing through S, the foci 
of the hyperbola. 
 

3  
 
 
 
 
1 – gradients 
 
 
 
 
 
 
 
1 - working 
 
 
 
 
 
 
 
1 
 
 
 
1 showing perpendicular 
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Question 16 2014 
 Solution Marks Allocation of marks 

(b) The letter ‘S’ occurs twice in CHRISTMAS 
Case 1: No S: Consider the letters CHRITMA 

             Number of selections  =  7C5 and the possible  
             arrangements of this selection is 5! 

             Number with no S is 7C5 x 5! =  2520  
 

Case 2: One ‘S’so 4 from the remaining 7letters =  
7C4 and the 

              arrangements of this selection is 5!. 

              Number with 1 S is 
7C4 x 5! =  4200 

 

Case 3: Two ‘S’ so 3 from the remaining 7 letters = 
7C3 and 

the  

             Arrangements of this selection is 
ହ!

ଶ!
. 

           Number with 2 ‘S’’s is 7C3 ൈ 
ହ!

ଶ!
 = 2100 

 
Total number of distinct arrangements 
 = 2520 + 4200 + 2100  
 = 8820 
 
 

 

2  
 
 
 
 
1 working 
 
 
 
 
 
 
 
 
 
 
 
1 correct answer 
 
 
 

(c) 

(i) 

 

(alternate segment theorem)

(alternate angles AQ parallel to PB)

(common angle)

triangle is similar to triangle equiangular

PAD AQC

AQC CPD

CPD PAD

CDP PDA

CDP PDA

  
  
  
  



 

 

2 1 – correct use of a circle 
geometry theorem 
 
 
1 – correct proof 
 

 (ii) 

 
2

triangle is similar to triangle

ratio of corresponding sides in similar triangles

CDP PDA

CD PD

PD AD

PD AD CD

 

  

 

2

2 2

(product of intercepts on secant equals square of

i.e

bisects

DB DC DA

DB PD

PD DB

AD PB

 





 

2  
 
 
 
1 – correctly establishes 
result 
 
 
 
 
1-correctly establishes result

 


